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ABSTRACT
In this paper we locate the regions containing all or some of the zeros of a certain class of polynomials subjected
to certain coefficient conditions.
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INTRODUCTION
n
The famous Theorem of Enestrom-Kakeya [9] states that all the zeros of a polynomial P(z) = Zasz
j=0
satisfying a, =@, ; =....... >a, 2a,>0liein |Z| < 1. In the literature there exist several generalizations
and refinements of this theorem[1-11]. Very recently Gulzar et al [7] proved the following result:
n
Theorem A: Let P(z) = Zaj ' be a polynomial of degree N such that for some 1,0 <A <n-1 and for
j=0
some K>1,0<7 <1,
ka,>a,, >....21m,
and
L=la, —a, |+]a,; —a, | +...+[a, —ag|+|ay|.
Then all the zeros of P(z) lie in

24k-1< ka, -7, +(1-7)a,[+L |

2|
n .

Theorem B: Let P(z) = Zaj z'be a  polynomial of  degree n with
=0

Re(@;) =«a;,Im(a;) = B;,j=012,.....,n such that for some 2,0<A<n-1 and for some
k>1lo0<7<1,
20y 2 20, 2T,
and
L:|05/1_“/171|+|“171_0‘/172|+ ...... +|a1—a0|+|a0|.

Then the number f zeros of P(z) in |Z| < 0,0 < 0 <1 does not exceed
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MAIN RESULTS
In this paper we prove the following results:

n
Theorem 1: Let P(Z) = Zaj Z! e a polynomial of degree n with

Re(a;) =a;,Im(a;) = B;, ] =012,......, n such that for some A, 1£,0<A<n-10< 1 <1 and for
some k;,k, >1.0< 7,7, <1,
ka,z2a,,2....21a,,

Koo 2 Py 2 e 2T, 3,

and

L:|al—al o —a, |+ o — | +

‘ﬂy IB _1‘+‘ﬁ -1 ;1 2"" ------ +|:81_:80|+|:80|'

Then all the zeros of P(z) lie in
., (k=Da, +i(k, 1B,
a

1
‘sm[klan +K, 3, +|ai|+‘ﬂ#‘+ L+M —7,(a, +|a,))

n

~7,(B, +|B.)]
Remark 1: If a; isrealie. B, = 0,vj=01......,n;k, =K,7, =7, Theorem 1 reduces to Theorem A.

Taking 7, =7, = 1, Theorem 1 gives the following result:
n .
Corollary 1: Let P(z) = Zaj z! be a polynomial of degree n with

Re(a;) =a;,Im(a;) = B;, ] =012,......, n such that for some A, 1£,0<A<n-10< 1 <1 and for
some K, K, >1,,
ka,z2a,,2...2a,,

n-1 =

Kofo 2 By 2 e 2 B,

and

L=a, —a, | +|a,  —a, |+ oy — |+

M =|B, = B +|Bs = Bua| + oo+ B = Bo| +] o]
Then all the zeros of P(z) lie in
N (k=De, +ik, 1)z,
a

n

gm[ka +K,B,+L+M -a, - p,].

Taking k; =k, =7, =7, =1, Theorem 1 gives the following result:
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n
Corollary 2: Let P(Z) = Zaj z! be a polynomial of degree n with

Re(aj) :aj,lm(aj) =,3j, ]=012,......, N such that forsome A4, 4,0<A1<n-10< <1,
20,120 20,

n-1 =—

B2 By Z 2 B,

and

L=|a, —a, |+|a, —o, |+ oy —a|+

:‘ﬁﬂ _ﬂy—l‘+‘ﬂy—l_ﬂy—2‘+ ------ +|:B1_:Bo|+|ﬂo|'

Then all the zeros of P(z) liein

Next, we prove the following result:

n
Theorem 2: Let P(Z) = Zaj z! e a polynomial of degree n with

Re(@;) =a;,Im(a;) = B;, ] =012,......, n such that for some A, £,0<A<n-10< 1 <1 and for
some K;,k, >1,0< 7,7, <1,,

ka,2a,,2..21a,,

KBy = Py = 27,8,

and

L=|a, —a, | +|a,, —a, |+ +og — |+
=B, =B, +|B. 1~ B, \+ ...... +|B, = Bo| +|Bol-
Iol <

Then the number of zeros of P(z) in — Z| < —,C >1is less than or equal to
C

1 M 2ol R _
——log— for R>1 and the number of zeros of P(z)in — - < |Z| < —,C >1is less than or equal to
logc a, K c
1 M’
——log— for R<1, where
logc ~[ay|

K =a,[R™ + R™{(k, D, | + (k, —D)|B,| + kst +K, B, +|e;| +|B,[+ L+ M =7,z | + ;)

(B + B.)~leco| = |5}

K’ =a,|R™ + R{(k, Dz, | + (k, —D)|B,| + kyat, +K, B, +|a,| +|B,|+ L+ M 7, (et | + @,))

_TZ(‘ﬂﬂ‘+ﬂﬂ)_|a0|_|ﬂ0}

=la,[R™ +R"[(k, —D]ay| + (K, ~D|B,| + Kty + Ky B, +|o; | +|B, ]+ L+ M =7, (e, |+ ;)
~2,(B.]+ B

_TZ

=la,[R™ +RI(k, —Dla, |+ (K, ~D|B,| + Kyt + Ky B, +|er; | +|B, |+ L+ M =7, (e, |+ ;)
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= 1,18+ B+ A= R) (et +]5,)] -

Taking 7, =7, = 1, Theorem 2 gives the following result:

n
Corollary 3: Let P(z) = Zaj z! be a polynomial of degree n with

Re(a;) =a;,Im(a;) = B;, ] =012,......, n such that for some A, £,0<A<n-10< 1 <1 and for
some K, Kk, >1;,
Ka,z2a,,2...2a,,

Koy 2 By 22 B,

and

L=|a4—a4_1|+|a4_1—a1_2|+ ...... +oy — |+
‘ﬂ,u :8 —1‘+‘ﬂ -1 ;1 2"" ------ +|:81_:80|+|180|'
[a| o| <

Then the number of zeros of P(z) in — Z| < —,C > 1is less than or equal to
C

1 M 2] R _
——log— for R>1 and the number of zeros of P(z)in — - < |Z| < —,C >1is less than or equal to
logc a, K c
1 M’
——log— for R <1, where
logc " [a|

:|an|Rn+l + Rn{(kl _1)|an|+(k2 _:I-)|:Bn|+ klan + kZﬂn +L+M —a, _ﬂy _|ao|_|ﬂo}

K'=a,|R™ +R{(k, —D|a,| + (k, —D|B,| + kyex, + K, B, + L+ M —ax, — B, —|exo|-| B[}
=la,|R™™ + R"[(k, —D)|a,| + (k, )| B, | + kyex, + K, B, + L+ M —ax, - B,] )
M’ =|a,[R"™ +R[(k, —D|er,| + (k, —1)| 8, |+ kyex, + K, 8, + L+ M —ax, = 8,1+ (1 R) (x| +|3,))|

Taking K, =K, =7, =7, =1, Theorem 2 gives the following result:
n -
Corollary 4: Let P(Z) = Zaj Z! be a polynomial of degree n with

Re(a;) =a;,Im(a;) = B;, ] =012,.....,n such that forsome A, 1,0< A <n-10< <1,

A, 20, 2. 20,

Bz Py =2 B,

and
L=|a, —a, |+|a,  —a, |+ oy — |+
= ‘ﬂﬂ _,B#_l‘ +‘;Bﬂ—1 _ﬂ#—z‘ RIERRE +|181 _:Bo| +|:30|'
3|

R .
a < |Z| < —,C > 1is less than or equal to
C

Then the number of zeros of P(z) in

1 M 2ol R _
——log— for R>1 and the number of zeros of P(z)in — < |Z| < —,C > 1is less than or equal to
logc "la, K C
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1 M’
——log— for R <1, where
logc " [ay|

K=la,|R™+R e, + B, +L+M —a, - B, —|a|-| B}
K'=|an|Rn+l + R{an +ﬁn +L+M -, —ﬁy —|a0|—|,30|},
M :|an|Rn+1 +R"[a, + B, +L+M —a, - 3,]

M'=la,|R"™ +Rla, + B, + L+ M —a, — 8,1+ 1—-R) (| +|3,)-

1
Taking R=1and C = g ,0 < 6 <1 inTheorem 2, we get the following result:

n
Corollary 5: Let P(Z) = Zaj z! e a polynomial of degree n with
j=0

Re(aj) =aj, Im(aj) =,6’j, ] =012,......, N such that for some A, £,0< A1 <n-10< <1 and for
some K;,k, >1,0< 7,7, <1,,
Ka,z2a,,2...2100,,

K,y 2 oy 2 2 2V

and

’

M= ‘ﬂy _:8#_1‘ +‘ﬂy—l _:8;1—2‘ to +|:81 _:80| +|180|'

a
Then the number of zeros of P(z) in % < |Z| < 0,0 < 6 < lis less than or equal to

1 M
———log—, where

Ll
| - 0
09

K =a, [+ (K —Dla, |+ (k, ~D|B,| + ki, +K, B, +|et;|+|B,|+ L+ M 7, (e, | + ;)
~0,(B,/+ B ~leo| - |5l
M =a, |+ (k —Dla, |+ (K, =1)|B,| + Kyt + K B, +|et, | +|B,|+ L+ M =7, (a,| + ;)
-7,(B.|+B.)-

In particular for & = E , Cor.5 gives the following result:

n
Corollary 6: Let P(Z) = Zaj Z! be a polynomial of degree n with
j=0

Re(a;) =a;,Im(a;)=B;,] =012,

...... , N such that for some A4, 11,0<4<n-10< <1 and for
some k;,k, >1.0< 7,7, <1,

ka,2a,,2....21,a,,

K,y 2 Py 2 2 2V

and
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M =|B, = B +|Bs = Bua| + oo+ B = Bo| +] o]
Then the number of zeros of P(z) in % <7 < % is less than or equal to
ilogﬁ,
log2 ~|a,|
K =[a, |+ (K —Dla, |+ (k, ~D|B,|+ ki, +K, B, +|et;|+|B,|+ L+ M 7, (e, | + ;)

—0,(B,]+ B,) a1
M =la,|+ (K, —Det, |+ (K, =D| B, |+ ki, + K, B, +|et, | +[B,|+ L+ M —z,(a,| + ;)
-7,(B.|+B.)-

For other different choices of the parameters, we get many other interesting results.

where

Lemmas
For the proof of Theorem 2, we make use of the following lemmas:
Lemma 1: Let f(z) (not identically zero) be analytic for |Z| <R, f(0)#0and f(a,)=0, k=12,....,n.
Then
1 27 io s R
o jo log f (Re"’|d& - log|f (0)| ;Iog "l
Lemma 1 is the famous Jensen’s Theorem (see page 208 of [1]).

Lemma 2: Let f(z) be analytic, f(0) =0 and |f (Z)| <M for |Z| < R. Then the number of zeros of (z) in

R 1 M
|Z| < —,C > lisless than or equal to —— l0g——.
c logc | (0)
Lemma 2 is a simple deduction from Lemma 1.
PROOFS OF THEOREMS

Proof of Theorem 1: Consider the polynomial
F(z)=(1-2)P(2)
-1
=(1-2)(a,z" +a,,2"" +....+az+a,)

iy (@, - aﬂ.—l)zﬂ

=-a,2" +(@, -a,,)2" +....+(a,,, —a,)z
+ot (8, —8y)2+ 8,

=-a,2" —(k, - D, 2" + (K, —x, )2" + (), — ¢ty 5) 2" e+ (a2, —1y,)2
+(r, - Da, 2" +(a, —a, )2" + e+ (y — )2+ +H{(K, B, — B,1)2"

—(k, =DB, 2" + By = Lo 2)2" " e+ (B — T 8,)2 T + (1, =D B2
+(B, = B,1)7" +.. +(Bi—Bo)z+ Bok

1 .
For |Z| > 1s0 that — < 1, Vj=12,....,n, we have, by using the hypothesis
VA

IF(2)]>[a,z + (k, ~De, +i(k, —1)B,[7" ~[kty = 1|7 +]ets — o2 oo s — 7|7
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e, e, |7 +la, —a,u||d + e Fla — a2+ |ao| HKo B, = Bl

u+1

B = Bl e # B — B2 B - B+

+ (|ﬁ1 - ﬁo”z| + |ﬂo |]

=4 "lla,z + (k, ~Da, +i(k, -1 B, ~{k,a, - n1|+#+ ......
|a,1+1 - Tla/1| (1_71)‘0@‘ |0£/1 _a,171| ...... |0£1 - 0{0| @
|Z|n—/171 | |n—/1—1 |Z|nfﬂ. |Z|nfl |Z|n
Bri=Bual,  Bn=mb| 1B ~B
ot B e B
...... +| | |ﬂ0|}]

4™ "
>7"[[a,z+ (k, —Dex, +i(k, —DB,| —{kier, — o] +|eg s — cts| oo
+a,, —ta,|+ -1, | +la, —a, |+ Hoy —ag| + ey
ko By = Boa| +|Br s = Boo| # oo #| Bt — 1B+ A=1,)|B,| +|B, — B,
oo | B = Bo| +[Bo ]
= |Z|n[|anz + (k, —1)an| ke, —a, o, —A, +a,, 1o,
+(1—z'1)|a1|+|aﬂ —aH|+ ...... +|czl —a0|+|a0| +K, B, = Bos+ Py
Bzt ot Bua =T B A U= B| +[ B, = Bl +[ B — Bo| + 1By
> |Z|n[|anz+(k1 —De, +i(k, —l)ﬁn|—{k105n +|al|+ L—Tl(|ai|+a/l)

+k, B8, +|B,| +M —7,(B,

>0

2,2+ (k, ~Der, +i(k, 1) B,] > ki, + K, B, +|e, | +|B,|+ L+ M =7, (e, |+ ;)
-7,(8,|+8,)
i.e. if
L, (K —Da, +ick, -
a, |

B, +|al|+‘ﬂﬂ‘+ L+M —7,(e,|+a;,)

~7,(B.]+ B
This shows that those zeros of F(z) whose modulus is greater than 1 lie in
7 4 (kl _1)an +i(k2 _1)ﬂn < 1
a, | [al

[k, +K, 3, +|aﬂ|+‘,8#‘+ L+M -7, |+a;,)

~7,(B.]+ B
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Since the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality and since the

zeros of P(z) are also the zeros of F(z) , it follows that all the zeros of P(z) lie in

7+ (k; D, +ik, -1,
a |

n

sm[klan +k,p, +|aﬂ|+‘,3ﬂ‘+ L+M =7, (|a,|+a;)

That proves Theorem 1.
Proof of Theorem 2: Consider the polynomial

F(z2) =(1-2)P(2)
=1-2)@,z"+a,,2"" +..+a,2+8,)
=-a,2" +(a, —a,,)z
=-a,2"" —(k, - D, 2" + (K, —, )2" +(aty —t, 5) 2" e+ (a,, —Ty)) 2
+(r, - Da, 2" +(a, —a, )2" + e+ (y — )2+ (K, B, — B.1)2"
(K, =D)B, 2" + By = Bo)2" " 4 (B — T, + (2, 1) B, 2
+(,B# —ﬂﬂ_l)z“ e + (B, — B) 2} +a,
=G(2)+a,,
where
G(2) =-a,2"" —(k, - D, 2" + (Ket, — e, )2" + (g —t, )2 " e+ (2, —Ty02,)2*
+(r, Do, 2" +(a, —a, )2" + e+ (o, — )2 +{(K, B, — B, 1)2"
—(k, =B, 2"+ By = B )2 e 4 (B — T, ,)7 T+ (2, 1) B, 2
+(B, = B,)2" +o + (B, - B,)z}-

For |Z| = R ,we have, by using the hypothesis

G(2)] <]an|R™ + (k, —D|ery|R" + (K, = ) )R" + (@ — a1 ,)R™™ +...... +(a,, —r,0, )R

Jr(l—r1)|051|l'\”l+1 +|al —Ot/H|R’1 +...... +|05l —0{0|R+(k2ﬂn -G, DR" +(k, —1)|ﬂn|Rn
+(Bos = Bo )R o | Bs — T B, R* + (L=17,)|B,[R“ +(B, - B, )R

wo Feent (o, —1))
+(1—Tl)|al|+|al —aH|+ ...... +|0:1 —a0|+|a0|—|a0| +K, B, =B+ P
~Bos ot B =T B By = Bua| F oo+ B = Bo| +| B = Bl

=la,[R"™ +R"[(k, —Dlet, |+ (K, ~D|B,|+ Kyt + Ky B, +|er; | +|B, |+ L+ M

_71(|a1|+a/1)_72(‘ﬂﬂ‘+ﬂy)_|ao|_|ﬂo|]

for R>1
and for R <1
http: // www.ijesrt.com © International Journal of Engineering Sciences & Research Technology
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G(2)| <[a,[R™ + Rl(k, D, | + (k, —D|B,| + kyer, +K, B, +|a,| +|B,|+ L+ M —7,(a,| + ;)
— 7, (B + B.) — oo = | Bu[)-

Since G(z) is analytic for |Z| <R,G(0) =0, it therefore, follows by Schwarz Lemma that

G(2)| <[a,[R™ + R"[(k, ~Dez, | + (k, —1)|B, | + Ky, +K, B, +|e,| +|B,|+ L+ M —7,(a,| + ;)

_72(‘ﬂﬂ‘+ﬂﬂ)_|ao|_|ﬂo|]

for R>1
and

G(2)| <[a,[R™ + R"[(k, ~Dlet, | + (k, —1)|B, | + Ky, +K, B, +|et,| +|B,| + L+ M =7, (a,| + ;)
— 7, (Bu|+ B.) — || = |51

for R<1.

Therefore , for |Z|S R

G(@)| <[la,[R™ +R™(k, ~Dler, | + (k, —D|B,| + Kyt + Ky B, +oy |+ | B[+ L+ M =7, (e, |+ ;)

— 7, (‘ﬁy‘ +B.) —leo| = |57

for R>1
and

G(2)| <[a,[R™* + R™{(k, ~D|er, | + (K, ~D|B,| + ki, +K, B, +|et;|+|B,|+ L+ M =7, (|t |+ ;)
—7,(B.|+ B.) — ||~ | 5117

for R<1.

Hence , for |Z| <R

IF(2) =|a, +G(2)|

>|a,| -|G(2)|
>[ag|—[[a, [R™ + R"{(k, ~Dja,| + (k, ~D|B,| + ki, + K, B, +er,| +|B,[+ L+ M

—,((as |+ @)~ (B, + B.) — || - | 8,37
>0
if |Z|>M,Where
K
K =[a,[R"™ +R"{(k, ~ D, | + (K, ~D|B,| + ks, +K, B, +|e, | +|B,| + L+ M =7, (e, | + ;)

~ 7, (B + B.) — || |5}
for R>1
and

|F(z)|>0

2|

if |Z| > —0, where
K
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K’ =a,|R™ + R"{(k, ~Det,| + (k, =1)|3, | + Ky, + K, 8, +|a,| +|B,|+ L+ M =7, (e, | + ;)

~7,(18,]+ B.) — o] = | B}
for R<1.

a a
This shows that F(z) and hence P(z) has all its zeros in % < |Z| for R>1andin |K—O| < |Z|for R<1.

Again , for |Z| <R, itis easy to see that
IF(2) <[a,[R™ + R"[(k, — D, | + (k, =1)|B,| + kyr, + K, B, +|e,| +|B,|+ L+ M —7,(a,| + ;)

-7,(8,|+ 8]
=M
for R>1
and

IF(2)] <[a,[R™ + R[(k; = Dlery | + (k, —D)|B,| + Kyt +K, B, +]e,| +|B, [+ L+ M =7, (|, | + ;)

—1,(B8,]+ B+ A= R)(ato | +| ;)
=M’
for R <1.
Therefore, it follows, by using Lemma 2, that the number of zeros of F(z) and hence P(z) in

a R 1 M
MS|Z|S—,C > Llis less than or equal to log— for R>1
K c logc “la,

2|

R
and the number of zeros of F(z) and hence P(z) in W < |Z| < —,c > lis less than or equal to
C

1 M’
——log— for R<1.
logc " la,

That completes the proof of Theorem 2.
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